We study amalgamated free products of factors over their common Cartan subalgebras. We will show that the resulting amalgamated free product is a factor as long as given factors are non-type I and furthermore its (smooth) flow of weights is determined.
Introduction.
Amalgamated free products of von Neumann algebras were first used by S. Popa ([26] ) to construct an irreducible inclusion of (non-AFD) type II 1 factors with an arbitrary (admissible) Jones index. Further investigation in this direction was made by K. Dykema ([10] ) and F. Rȃdulescu ( [27, 29] ) based on Voiculescu's powerful machine ( [40, 41, 44] ), and F. Boca ([4] ) discussed the Haagerup approximation property, where only finite von Neumann algebras were dealt with. On the other hand, type III factors arising as free products (over C) were studied by L. Barnett ([3] ), K. Dykema ([9, 11]), F. Rȃdulescu ( [28] ), and very recently by D. Shlyakhtenko ([33] ). However, amalgamated free products in the type III setting have never been seriously investigated so far. The main purpose of the paper is to take a first step towards investigation on amalgamated free products in the type III setting.
A construction of amalgamated free products of arbitrary von Neumann algebras has never been (at least explicitly) given in the literature (see [29, 44] in the type II 1 case), and hence we present such a construction in §2. Our construction requires (faithful) normal conditional expectations onto a common subalgebra, and the concept of bimodules is useful. We mainly study the amalgamated free product of non-type I factors A, B over their common Cartan subalgebra D: This of course shows that M is a factor. In the structure analysis on type III factors the continuous decomposition plays an important role. In §5 we compute the continuous decomposition of the amalgamated free product M (in terms of those of A and B), which enables us to determine the flow of weights of M . Two appendices are given. In the first appendix an amalgamated free product version of what was shown in Barnett's paper [3] is obtained. In the second the modular operator and modular conjugation are determined for an amalgamated free product. In particular, we obtain a commutation theorem whose ordinary free product version (i.e., D = C1) was pointed out in [39, 44] .
Finally we would like to point out that the amalgamated free product of von Neumann algebras over a common Cartan algebra can be captured as the groupoid von Neumann algebra associated with the "free product" of relevant measured equivalence relations (see [19] ). We denote the kernel of E s by N • s , and introduce the operation x ∈ N s → x • := x − E s (x) ∈ N • s . Fix a faithful normal state ϕ on N and denote by ξ 0 its implementing vector in P N . By the above (3) the vector ξ 0 is also an implementing vector of the ϕ • E s in the natural cones.
where ⊗ ϕ means Sauvageot's relative tensor product ( [31] ). Each of L 2 (N ) and H • s is an N -N bimodule, and hence so is the above direct sum. The left and right action of N on H are denoted by λ and ρ respectively. We set
By [31, 2.4] we get the following N -N bimodule isomorphisms: By using these unitary operators we define * -representations λ s : N s → End N (H N ), s ∈ S, and anti * -representations ρ s : N s → N End( N H), s ∈ S, by the formulas: For x ∈ N s we have
Let N s and N be the sets of analytic elements in N s and N for the modular actions σ ϕ•Es and σ ϕ respectively. In [23, §3] 
where ϕ is understood in the algebraic sense.
Lemma 2.2. For s
Proof. Since λ s , ρ s (s ∈ S) are normal (or σ-weakly continuous), we can assume that x, y are analytic elements (and so are x • , y • ). We have
Here the third equality comes from 
is a dense subspace of H. Thus, by Lemma 2.2 the vector ξ 0 is cyclic and separating for M , and hence ψ is faithful.
For x ∈ N s we have
and for 
and (α t ) t∈R is a 1-parameter strong-operator continuous * -automorphism group.
Here the first equality comes from (2.3) and the second equality comes from the K.M.S. condition: ϕ s (xy) = ϕ s (yσ For
and hence we have
Therefore, the conditional expectation E satisfies the freeness relative to λ(N ). (See [44, §3.8] .) By the similar computation as above we have
Definition 2.4. We call the pair (M, E) the amalgamated free product of the (N s , E s ) over N , and write
We will often identify λ s (x) with x itself. When no confusion is possible, we will denote the von Neumann algebra M by * N s∈S N s .
The proposition below whose special case N = C1 is in [39, 44] guarantees that the pair (M, E) does not depend on the choice of ϕ. (It is possible to construct a relative tensor product in a functorial way as in [7, §B-δ] so that we can remove the dependency of the choice of ϕ from our construction of amalgamated free products.) 
Proof. Equations (2.4), (2.5) and assumptions (2), (3) determine E and F on the dense * -subalgebras of M and L generated by λ s (N s ), s ∈ S, and π s (N s ), s ∈ S, respectively. (See computation (2.3).) Therefore, via the G.N.S. construction with respect to a fixed state on N we get the assertion.
Here we briefly see the relationship between our amalgamated free products and the ones by S. Popa for finite von Neumann algebras ([26, 3.3 Definition]). Let P 1 , P 2 be finite von Neumann algebras with normal normalized traces τ 1 , τ 2 respectively, and assume that B is a common von Neumann subalgebra of P 1 , P 2 . We further suppose τ 1 | B = τ 2 | B . Let E 1 , E 2 be the trace preserving conditional expectations from P 1 , P 2 onto B respectively. Let (P, τ ) = (P 1 , τ 1 ) * B (P 2 , τ 2 ) in Popa's sense. Here P is a finite von Neumann algebra generated by P 1 , P 2 and τ is a faithful normal normalized trace satisfying τ | P 1 = τ 1 , τ| P 2 = τ 2 . By the construction in [26] the trace τ satisfies
Note that there exists a (unique) trace-preserving conditional expectation E : P → B, and it is easy to check that E satisfies the freeness relative to B and
Therefore, by Proposition 2.5 the pair (P, E) is our amalgamated free product of (P 1 , E 1 ) and (P 2 , E 2 ) over B.
Let α s , s ∈ S, be a * -automorphism on N s , and suppose Proof. Lemma 2.3 shows
and hence for x ∈ N s we have
This completes the proof. Let R be a countable measured equivalence relation on a Lebesgue space (X, µ) with a 2-cocycle σ on R ( [12] ). A von Neumann algebra having a Cartan subalgebra can be constructed from the pair (R, σ) by the following way ( [13] 
The von Neumann algebra, acting standardly on H, generated by these λ(f )'s is denoted by W * (R, σ). An element in W * (R, σ) can be written as a convolution operator (in an extended sense) associated with a unique function (
Here f · χ ∆ is the point-wise product of f and the characteristic function χ ∆ of ∆. Then it can be checked that D(R, σ) is a Cartan subalgebra of W * (R, σ).
Conversely, every von Neumann algebra with separable predual having a Cartan subalgebra arises, up to * -isomorphism, from relevant pair of a countable measured equivalence relation and a 2-cocycle on it via the above construction. (See [13, Theorem 1] .) Let R and (X, µ) be as above. Then there exists a countable group G of non-singular transformations on (X, µ)
Lacunary or admissible measure and the corresponding state.
Let G be a countable ergodic group of non-singular transformations on a Lebesgue space (X, µ) and ν be a σ-finite measure equivalent to µ. 
Let M be a type III λ factor (0 < λ ≤ 1) with separable predual having a Cartan subalgebra D. Then we can assume that M = W * (R G , σ) and D = D(R G , σ) for some pair of a type III λ countable ergodic group G of non-singular transformations on a Lebesgue space (X, µ) and a 2-cocycle σ on R G . The transformation group G admits an admissible probability measure ν ([16, Proposition 17, §II-2]), and then we define the corresponding
By the assumption on ν there exists an ν-preserving ergodic subgroup H of the full group [G] , and then the map u : (
A left module decomposition for an inclusion having a common Cartan subalgebra.
In [25] S. Popa gave a special left module decomposition result for an inclusion of finite von Neumann algebras having a common Cartan subalgebra to prove Connes-Feldman-Weiss' theorem by using only operator algebra techniques. As was pointed out without a proof in the final remark there, the result remains valid for σ-finite arbitrary von Neumann algebras.
Let M be a von Neumann algebra having a Cartan subalgebra D. The unique (faithful normal) conditional expectation from M onto D is denoted by E D . It is easy to check 
where P Nv is the projection onto Nvξ 0 . 
where ξ 0 is an implementing vector of ϕ • E D .
Factoriality.
We will at first prove the following relative commutant property for amalgamated free products: 
Proposition 4.1. Let A, B be σ-finite von Neumann algebras having a common von Neumann subalgebra D. Suppose that there exist two faithful normal conditional expectations E
Then we have
Proof. The von Neumann algebra M acts standardly on
where and x be an element in M . Set K G (x) = co σ−w {uxu * : u ∈ G}, where co σ−w is the σ-weak closure of the convex hull. Since K G (x) is σ-weakly compact, the convex set K G (x)ξ 0 is closed in H, and hence there exists a unique element
, we have uy 0 u * ξ 0 H = y 0 ξ 0 H for every u ∈ G. Thus, by the uniqueness of y 0 , we get uy 0 u * = y 0 for every u ∈ G so that y 0 belongs to G ∩ M (= N ). By the bimodule property and the continuity of
as long as k = in Z. We may assume that there exist y ∈ Λ • (A • 0 , B • ) beginning and ending in B • and a 1 , a 2 ∈ A 0 (admitting a 1 = 1 or a 2 = 1) with x = a 1 ya 2 . Set n(x) = n(a 1 ), and hence by assumption we have E A D (a * 1 u n a 1 ) = 0 for every |n| ≥ n(x). Thus, for k = we have, by the freeness,
We choose an arbitrary 
By (4.2) we have
as long as k = ∈ Z. Then we compute
Hence we are done by choosing m satisfying m > (( xξ 0 H /ε) 2 − 1)/2.
By the above claim, we get
x k ξ 0 = xξ 0 , and hence we have
Here E M N (x k ) belongs to A by (4.4), and hence xξ 0 belongs to To show that the von Neumann algebra M is a factor, we must find a linear subspace of A (or B) satisfying the conditions in Proposition 4.1. To do this we need the following lemma: Lemma 4.2 (S. Popa [25] in the type II 1 setting). There exist a faithful
where ξ 0 is an implementing vector of ϕ • E. Of course, the same result holds for the inclusion B ⊇ D.
Proof. Suppose that we have chosen a faithful normal state ϕ on D and a 
, and hence we have uDu Here, by [18, 14.1.23 . Lemma] we can assume that {H(ω)} ω∈Ω is a constant field of the separable infinite dimensional Hilbert space H 0 . We define the set Γ of those elements (ω, u) ∈ Ω 0 × U (H 0 ) such that:
.] the centralizer (A ⊗ B(H)) (ϕ•E A D )⊗Tr is a type II ∞ von Neumann algebra. Since ϕ • E A D is a normalized trace on N and (A ⊗ B(H)) (ϕ•E
where U (H 0 ) is the unitary group on H 0 with the strong operator topology. We will prove that Γ is a Borel subset up to null set.
We define the subset (2) be the direct integral decomposition. By the construction, we have
so that by [18, 14.1.7 . Remark] we get 
is a Borel map for every k ∈ Z and j. Therefore, by using (4.5) it can be easily checked that the set
is not empty. Therefore we get a measurable field ω ∈ Ω 3 → u ω of unitaries satisfying (ω, u ω ) ∈ Γ 1 thanks to the measurable-selection principle (cf. [18, 14.3.6 . Theorem]). Define u ω = 1 for ω ∈ Ω \ Ω 3 , and set
By the construction of the measurable field we have 
In particular, the von Neumann algebra M is a factor. Furthermore, if A is of type III λ (0 < λ ≤ 1), the above ϕ can be chosen in such a way that
The analogous result holds for B.
Proof. By Lemma 4.2 there exists a faithful normal state ϕ on D, a unitary
where ξ 0 is an implementing vector of ϕ • E. Let A 0 be the linear span of elements xu n v k for n ∈ Z, k ∈ N and x ∈ D.
where δ ·,· is the Kronecker delta. It is easy to check that the triple (ϕ, u, A 0 ) satisfies the conditions in Proposition 4.1 by using the above computation. Therefore, we get the first assertion. The second assertion is clear from the proof of Lemma 4.2.
Remark 4.4. The conditions (i) D is a Cartan subalgebra of B;
(ii) B is a factor were not used in the above arguments. 
and hence M is not of type III 0 as is well-known.
Next, we assume that A (or B) is of type III λ (0 < λ ≤ 1). In this case, the last part in the above theorem shows that M is not of type III 0 by the same reason as in the type II case. Therefore, we are done.
Here we obtain some type classification facts on our amalgamated free products. 
On the other hand, there exists a positive non-singular self-adjoint operator H affiliated with M such that σ Example 4.6. Here we will give an example of a type III λ factor (0 < λ < 1) arising as an amalgamated free product of two hyperfinite type II 1 factors over their common Cartan subalgebra.
and S ∞ be the group of finite permutations on (X, µ). We define the automorphism θ on (X, µ λ ) by
Then the Radon-Nikodym derivative
looks like:
and it is well-known that they act ergodically on the measure space. It is obvious that µ λ is a (unique) G-invariant probability measure andμ λ := µ λ • θ is a (unique)G-invariant probability measure. Therefore, the associated relations R G and RG (see 
, and hence we have
Therefore, A * D B is of type III λ .
By the similar method as above we can construct a type III 1 factor arising as an amalgamated free product of two hyperfinite type II 1 factors over their common Cartan subalgebra and also type III λ factors (0 < λ ≤ 1) arising as amalgamated free products of hyperfinite type II ∞ factors over their common Cartan subalgebras.
Continuous decomposition And Flow of Weights.
In this section, we will determine the flows of weights ( [8] ) of amalgamated free products of non-type I factors over their common Cartan subalgebras.
We will at first obtain a theorem on continuous decomposition for general amalgamated free products, which is closely related to [29, Remark 16] . Here we would like to emphasize that it is a byproduct of our formulation of amalgamated free products of von Neumann algebras.
Assume that A, B are σ-finite von Neumann algebras and D is a common von Neumann subalgebra with two faithful normal conditional expectations
Fix a faithful normal state ϕ on D, and we set
A = A σ ϕ•E A D R ⊇D = D σ ϕ R ⊆B = B σ ϕ•E B D
R.
Here, note that the above inclusions do not depend on the choice of ϕ thanks to Connes' cocycle Radon-Nikodym theorem ( [5] 
It is easy to checkÊ
A D • θ A t = θ D t •Ê A D ,Ê B D • θ B = θ D t •Ê B D , θ A t |D = θ B t |D.
Lemma 5.2. Assume that N is a σ-finite von Neumann algebra with a continuous action
Proof. Let ξ be a separating and cyclic vector in L 2 (N ) of N. To show the lemma, one should hit x against the vector ξ ⊗ χ [−ε,ε] with 0 < ε <
Proof of Theorem 5.1. We define two subalgebrasÃ 0 andB 0 ofÃ andB bỹ
respectively. These subalgebras are obviously dense in the σ-weak topology.
For 
We haveÊ
and each coefficient is zero because A, B are free relative to D and σ
Here the second equality comes from Adλ(t)
and the third equality comes from Theorem 2.6. Another cases can be proved similarly.
Finally the equation on dual actions can be easily proved, so that details are left to the reader.
Remark 5.3.
(1) The above result is valid for a general crossed product by an action with the condition before Theorem 2.6 and moreover for the crossed product by the minimal action of the compact quantum group SU q (n) (or an arbitrary compact Kac algebra) constructed in [37] .
(2) The above theorem is useful also in the context of free products (i.e., amalgamated free products over C), see [38] . Indeed, the theorem says that the continuous core of the free product (A, φ) * (B, ψ) can be written as the amalgamated free product of the ones of A, B over C R ( ∼ = L ∞ (R)). 
, and hence we define the stateφ := ϕ ⊗ ψ, where ψ is a faithful normal state on λ(R) . For x = k a k λ(t k ) ∈Ã 0 we have: 
SinceD is a common Cartan subalgebra ofÃ,B, the centers Z(Ã), Z(B) are contained inD so that we get the following theorem: 
be the (smooth) flow of weights of M . By the above theorem there exist three factor maps
Here we clarify the effect on taking of amalgamated free product over a common Cartan subalgebra in the flow (of weights) level.
Proof. This immediately follows from Theorem 5.4.
The above corollary gives us the type classification results below. (1) In [10] K. Dykema gave deep analysis on amalgamated free products of multi-matrix algebras. Indeed, the above factoriality fact for 3 ≤ n < ∞ was obtained there.
(2) When n = 2, the amalgamated free product von Neumann algebra M is not a factor. (See [10, p. 1575 ].) (3) A more natural and detailed analysis for amalgamated free products of type I von Neumann algebras over their common Cartan subalgebras from the view-point of groupoids will be given by H. Kosaki ([19] ).
Appendix II. Modular Theory for amalgamated free products.
Keeping the assumptions and notations in §2, we here develop modular theory for amalgamated free products. More precisely, we will compute the modular operator ∆ ϕ•E (= ∆ ξ 0 ) and modular conjugation J M (= J ξ 0 ), and as a consequence the commutation theorem for amalgamated free products will be obtained.
Let ∆ ϕ and ∆ ϕ•Es be the modular operators associated with ϕ and ϕ • E s respectively. Notice that the following matrix notation is valid:
where the restriction ∆ 
where ϕ is understood in the natural sense.
We also define the (conjugate-linear) operator J 0 by
Lemma II-A. 
Proof. For non-zero integers , m and
For each x ∈ N s , y ∈ N , and z ∈ C we have This implies that if M is of type III λ , 0 < λ < 1, then the discrete core of M is also not of the above-mentioned form. The details with further investigation will be presented elsewhere.
